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Abstract. Active Shape Models often require a considerable number of
training samples and landmark points on each sample, in order to be
eﬃcient in practice. We introduce the Fractal Active Shape Models, an
extension of Active Shape Models using fractal interpolation, in order to
surmount these limitations. They require a considerably smaller number
of landmark points to be determined and a smaller number of variables
for describing a shape, especially for irregular ones. Moreover, they are
shown to be eﬃcient when few training samples are available.
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Introduction

Active Shape Models (ASM, see e.g. [1]) are widely used for image segmentation
and motion tracking; they have been proven to be eﬃcient and robust in many
areas of application, especially biomedical ones (see e.g. [2], [3], [4]). Extensions
of the original ASM formulation have also been proposed, in order to increase
their robustness, eﬃciency and applicability (see e.g. [5], [6], [7]).
In ASM applications, a signiﬁcant number of landmark points has to be
used in each training sample in order to model the desired variability of the allowable shape space, resulting in a time-consuming labelling process. Although
(semi-)automatic methods have been developed for assisting this, the labelling
remains a diﬃcult and error-prone task. Moreover, the number of available training samples is often relatively small in practice, resulting in a rather restricted
space of allowable shapes that reduces the eﬃciency of the image search.
Our motivation is to create an extension of the ASM that requires a considerably smaller number of landmark points, uses fewer variables to describe
shapes, even irregular ones, thus increasing the accuracy of representation, and
is eﬃcient even for a small number of training samples. Motivated by the above
points, we introduce the Fractal Active Shape Models, an extension of Active
Shape Models using fractal interpolation.

2
2.1

Mathematical Background
Active Shape Models

Active shape models are statistical models of shape that can be applied to image
search (see e.g. [1]). An ASM uses a Point Distribution Model (PDM) for the

statistical modelling of shapes in a given training set of sample images. This
model is then used for locating statistically allowable shapes in other images.
A shape is described by a set of landmark points. These correspond to particular shape features and their interpretation should be consistent among all
shapes of a class. For example, the boundary of the leaf Laurus nobilis depicted
in Fig. 1(a) is represented by the 77 landmark points of Fig. 1(c). Moreover, they
must be adequate for describing the shape variability of the training set as well
as all other allowable shapes. The landmark points may be manually located on
the training set images, but (semi-)automatic methods have also been developed,
since this is often a time consuming process1 .
The sets of landmark points located in the training images are aligned in a
common coordinate frame, e.g. using the iterative algorithm of [1]. An aligned
shape can be represented by the vector
x = (x1 , . . . , xL , y1 , . . . , yL ),

(1)

where (xi , yi ), i = 1, . . . , L are the aligned landmark points. The aligned shapes
are then statistically modelled by applying Principal Component Analysis (PCA)
to them; each shape x is represented as
x = x̄ + Pb ,

(2)

where x̄ is the mean shape, P is the matrix of eigenvectors of the covariance
matrix of the shape vectors and b is a vector of parameters determining the
deviation of x from the mean shape along each eigenvector. In practice, P contains only the eigenvectors of the largest eigenvalues by eliminating insigniﬁcant
eigenvectors that may correspond to noise in the training set. Equation (2) can
be used for deﬁning
the space of allowable shapes by suitably constraining b,
√
e.g. |bk | ≤ 3 λk for all elements bk of b, where λk is the eigenvalue of the
corresponding eigenvector.
This statistical shape model of the training set can be used for locating similar
shapes within graphical objects such as images. Starting with a rough approximation of the shape in the image, each point is moved to a nearby location
to a better candidate. The points are usually moved along the shape boundary
normal and are attracted to image edges or matching proﬁles of local intensity.
This procedure is executed iteratively until it converges. At each step, the shape
resulting from moving all points is constrained to the space of statistically allowable shapes. Therefore, the result is both compatible to the image structure
as well as to the training set.
2.2

Fractal Interpolation

Fractal interpolation functions (see e.g. [8]) are based on the theory of iterated
function systems (IFSs). An IFS, denoted by {X; wn , n = 1, 2, . . . , N }, consists
1

See Cootes T.F. and Taylor C.J., Statistical Models of Appearance for Computer
Vision, http://www.isbe.man.ac.uk/∼ bim, March 2004, pp. 79–82 for a survey on
landmark placement methods.

of a complete metric space (X, ρ), e.g. (IRn , || · ||), and a ﬁnite set of continuous
mappings wn : X → X, n = 1, 2, . . . , N . If wn are contractions, then the IFS
is termed hyperbolic and the transformation W : H(X) → H(X) with W (B) =
∪N
n=1 wn (B), where H(X) denotes the space of nonempty compact subsets of X,
has a unique ﬁxed point A∞ = W (A∞ ) = limn→∞ W n (B), for every B ∈ H(X),
which is called the attractor of the IFS.
Let us represent the given set of data points as {(um , vm ) ∈ IR2 : m =
0, 1, . . . , M }. In general, the interpolation is applied to a subset of them, the
interpolation points, represented as {(xi , yi ) ∈ IR2 : i = 0, 1, . . . , N }. Both sets
are linearly ordered with respect to their abscissa, i.e. u0 < u1 < · · · < uM and
u0 = x0 < x1 < · · · < xN = uM . The interpolation points partition the set of
data points into interpolation intervals and may be chosen equidistantly or not.
Let {IR2 ; wn , n = 1, 2, . . . , N } be an IFS with aﬃne transformations
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for every n = 1, 2, . . . , N . As results from solving the above equations (see e.g.
[8], p. 213), the real numbers an , dn , cn , en are completely determined by the
interpolation points, while the sn are free parameters of the transformations
satisfying |sn | < 1, in order to guarantee that the IFS is hyperbolic with respect
to an appropriate metric. The transformations wn are shear transformations and
the sn their respective vertical scaling (or contractivity) factors.

It is well known (see for example [8]) that the attractor G = N
n=1 wn (G) of
the aforementioned IFS is the graph of a continuous function f : [x0 , xN ] → IR
that interpolates the points (xi , yi ), i = 0, 1, . . . , N . This function is called fractal
interpolation function (FIF) corresponding to these points and is self-aﬃne.
If the interpolation points deﬁne a curve rather than a function, i.e. they
are not linearly ordered with respect to their abscissa, then the direct use of
a fractal interpolation function is not possible. In order to construct an IFS
whose attractor interpolates the given points, and is therefore a curve, we can
transform or extend the original points such that the application of a FIF is
possible. This is then transformed or projected back to the plane to obtain a
curve that interpolates the original points.
Curve ﬁtting using fractal interpolation is discussed in [9], where the Fractal
Curve Fitting (FCF) method is introduced. The latter will be used in this paper, since ASM are usually applied to objects with landmark points that deﬁne
curves. The FCF method consists of transforming the data points {(um , vm ) ∈

IR2 : m = 0, 1, . . . , M } by T1 (um , vm ) = (um , vm
), m = 0, 1, . . . , M , where
um = u0 +

m

j=1

(|uj − uj−1 | + ε) = um−1 + (|um − um−1 | + ε),


vm
= vm ,

and ε > 0 is an arbitrary constant necessary, when all data points in an interpo
),
lation interval have equal u-coordinates. A FIF is then constructed for (um , vm
 
m = 0, 1, . . . , M , and this is ﬁnally transformed by T2 (u , v ) = (u, v), where
 

u − um−1
u = um−1 + (um − um−1 )
, u ∈ [um−1 , um ],
um − um−1
v = v ,

resulting in a fractal interpolation curve that interpolates the initial points and
passes near the remaining data points. The advantage of the FCF method over
other methods is that it uses a smaller number of total aﬃne transformation
parameters (speciﬁcally half). Therefore, it is more suitable to our purpose as
will become clearer in the next section.

3

Fractal Active Shape Models

We now introduce the Fractal Active Shape Models (FASM), an extension of
the ASM using fractal interpolation. Within the FASM framework, a shape is
represented by a fractal interpolation curve rather than a set of landmark points.
The interpolation points for constructing the curve need not be all the landmark
points of the respective ASM, but only a relatively small subset of them. Indeed,
using fewer interpolation points we are able to construct a curve that accurately
describes the shape while requiring a smaller total number of variables.
Let us represent the set of all aligned shape boundary points, including the
k
) ∈ IR2 : m =
landmarks, extracted from the k-th training set image as {(ukm , vm
0, 1, . . . , M }. The selected interpolation points, a subset of the landmark points,
are represented accordingly as {(xki , yik ) ∈ IR2 : i = 0, 1, . . . , N }. In the present
work, the interpolation intervals are chosen with ﬁxed length, i.e. every j-th
data point is selected as interpolation point. A fractal interpolation curve is
constructed for the shape points using the FCF method of Subsec. 2.2, with
{IR2 ; wnk , n = 1, 2, . . . , N } being the respective IFS. The fractal interpolation
curve, and therefore the respective shape, is described by the wnk transformation
parameters, and is thus represented by the vector
fk = (ak1 , . . . , akN , ck1 , . . . , ckN , sk1 , . . . , skN , dk1 , . . . , dkN , ek1 , . . . , ekN ).

(3)

If the shape consists of multiple disjoint parts, e.g. a face, then we model
each part with a fractal interpolation curve and create an aggregate vector fk
of all transformation parameters for representing the shape. The parameters
akn , ckn , dkn , ekn are determined by the interpolation points, while the parameters
skn by the remaining points. Thus, if we set skn = 0 for every n = 1, . . . , N ,
resulting in piecewise linear interpolation, we are taking into account only the
interpolation points, i.e. the FASM is equivalent to the respective ASM. Therefore, the FASM can be viewed as an extension of the ASM.

(a)

(b)

(c)

(d)

Fig. 1. (a) A leaf of Laurus nobilis. (b) The leaf’s boundary consisting of 930 points.
(c) The 77 landmark points representing the leaf. (d) The fractal interpolation curve
of 23 interpolation points representing the leaf.

For example, the boundary of the leaf of Laurus nobilis depicted in Fig.
1(a) can be represented either by the 77 landmark points of Fig. 1(c), or by
the fractal interpolation curve of 23 interpolation points of Fig. 1(d). The curve
is constructed using the FCF method. The interpolation intervals have been
chosen with ﬁxed length and the vertical scaling factors sn have been calculated
with the analytic method of [10]. In both cases, the accuracy of representation is
similar, but the FASM requires less than 30% of the landmark points of the ASM.
Moreover, in the ASM the shape is represented by 154(= 2 × 77) parameters,
while in the FASM is represented by 115(= 5 × 23) parameters2 , i.e. the FASM
representation is more economical. This is because fractal interpolation exploits
the presence of self-aﬃnity in the data, thus allowing some degree of compression.
The shape of this example is rather simple; for more complex and irregular
shapes the FASM representation is expected to be even more proﬁtable. This
representation also has the advantage of describing the whole shape and not only
a set of landmark points. Although the landmark points can capture the overall
shape, the information of the remaining shape points is lost in the ASM. The
FASM representation captures the whole shape using a smaller amount of data
than the ASM.
The statistical modelling of the shapes is achieved by applying PCA to the
vectors fk , k = 1, . . . , K. A shape can then be expressed as
f = f̄ + Pb ,

(4)

where f̄ represents the mean transformation, P the matrix of eigenvectors of the
covariance matrix of the shape vectors and b the parameter vector. The space
of√allowable shapes is similarly deﬁned by suitably constraining b, e.g. |bk | ≤
3 λk for all elements bk of b, where λk is the eigenvalue of the corresponding
eigenvector. Note that in the allowable shape space it should always be |sn | < 1,
2

An additional copy of the ﬁrst point is automatically appended to the interpolation
points in order to obtain a closed curve, thus resulting in 23 aﬃne transformations.

for n = 1, 2, . . . , N . The feasibility of this approach stems from the fact that
the attractor of an IFS, a fractal curve in our case, depends continuously on the
aﬃne transformation wnk parameters ([8], p. 111). Therefore it is reasonable to
apply the aforementioned PCA.
In order to locate an allowable shape in an image, we use the following
algorithm, which is an extension of the ASM algorithm:
1. Initialize an approximate ﬁt to the given image.
2. Calculate the fractal interpolation curve for the current parameter vector b
and quantize it to pixel coordinates.
3. Move the curve points along the boundary normal towards the image edges.
If duplicates exist, then remove them.
4. Calculate the parameter vector b for the adjusted points and limit it to the
allowable space.
5. If the change in the shape is not negligible, goto Step 2.
The initialization in Step 1 of the algorithm can be done in various ways.
For example, we may select a set of initial points as in the ASM case, calculate
the respective aﬃne transformation parameters (akn , ckn , dkn , ekn ) and set the free
parameters (sn ) to zero3 . In Step 2, the number of calculated attractor points
deﬁnes the balance between shape accuracy and execution time. Note that increasing the number of attractor points beyond a limit is unnecessary because of
the quantization to pixel coordinates. In Step 3, the adjustment of the points is
performed as in the original ASM algorithm; the image edges are calculated using a gradient operator, e.g. Sobel operator. In Step 4, the parameter vector, i.e.
the IFS, for the adjusted points is calculated as before with the FCF method; the
interpolation points are the adjusted interpolation points of the previous step.

4

Results

We have applied the FASM on a training sample consisting of eight images of
leaves of Laurus nobilis, as the one depicted in Fig. 1. On each leaf, 23 landmark
points have been placed and a fractal interpolation curve has been constructed
for the whole leaf boundary using the FCF method. The vertical scaling factors
of the aﬃne transformations have been calculated using the analytic algorithm
described in [10]. Each shape is represented by 115(= 5 × 23) parameters; an
example is given in Fig. 2, where the 115 shape parameters are depicted in ﬁve
groups. Examination of the shape vector in the form of these groups can reveal
useful information about the shape. For example, we can conclude from the an
and dn groups that the interpolation intervals are similar in x-length, or, from
the sn group, that the leaf shape is most irregular, i.e. divergent from linear, in
the ﬁrst and eighth interval where the magnitude of sn is the greatest.
The result of an image search example is depicted in Fig. 3. Speciﬁcally, the
initial estimate of the shape is depicted in Fig. 3(a), while its ﬁnal position after
3

The zero vertical scaling factors result in a piecewise linear attractor.
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Fig. 2. The aﬃne transformation parameters of the fractal interpolation curve of Fig.
1(d) divided into ﬁve groups, each consisting of 23 of the shape parameters.

convergence is depicted in Fig. 3(b). The leaf has been accurately detected in
the image, with the FASM being able to capture its ﬁner details with as few as
23 interpolation (i.e. landmark) points and 8 training samples.

(a)

(b)

Fig. 3. (a) The initial position of the shape in the image. (b) The ﬁnal position of the
shape after convergence.
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Conclusions and Further Work

We have presented a novel extension of ASM that uses fractal interpolation for
representing shapes. The proposed FASM have the advantage of requiring signiﬁcantly fewer landmark points, even for irregular shapes, and of using fewer
variables for representing a shape. Moreover, they are shown to be eﬃcient, even
when few training samples are available. Therefore, they are a competitive alternative to the original ASM, oﬀering an eﬃcient and practical approach. Future
work will focus on extending the FASM to three dimensions and using piecewise
self-aﬃne fractal interpolation, which is expected to produce even better results.
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